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ABSTRACT. The central sets theorem near zero originally proved by M. Akbari 
'Tootkaboni and E. Bayatmanesh. In this paper, we provide a generalization 
of the near zero version of Central Sets Theorem along Dev Phulara's way 
with some applications along two more generalized versions of the Central 
Sets theorem. 


1. INTRODUCTION 


The history of Central sets is a long story to study. It uses special techniques from 
topological dynamics, ergodic theory, the algebra of Stone-Cech compactification, 
combinatorics etc to study Central sets and other Ramsey theoretic results. It was 
H. Furstenberg who defined the Central sets using the notions from topological 
dynamics and proved the Central Sets theorem dynamically in [?]. 


Theorem 1. (The original Central Sets theorem) Let A be a central subset of N, 
let k € N, and for each i € {1,2,...,k}, let (yin) be a sequence in Z. There 
exist sequences (as)? in N and (Hn) in Pg (N) such that 


(1) For each n € N, max H,,« min H,44 , and 
(2) For each i € {1,2,...,k}, and F € Py (N), we have 


»» (s 5 2 € A. 


ncF tc H, 





Proof. See [?]. 











Though Central sets was defined dynamically, there is an algebraic counterpart of 
this definition, was established by V. Bergelson and N. Hindman in [?]. Thereafter 
many versions of Central Sets theorem came, among which the following one is the 
one for any arbitrary semigroup. 


Theorem 2. Let (S,.) be a semigroup , let A be a central set in S, and for 
each L € N, let (yen), be a sequence in S. There exist sequences (m(n))°,, 


(as) Ea and (Ha) sea such that 
(1) for each n € N, m(n) € N; 
(2) for each n € N and each i € (1,2,--- ,m(n) +1} , an (i) € S; 
(3) for each n € N and each i € {1,2,--- ,m(n)}, Hn (i) € Pi N); 
(4) for each n € N and each à € {1,2,--- , m(n) — 1}, max H, (i) « min H441 (i+ 1); 
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(5) for each n € N, maz Hn (m(n))« min Hn (1); and 
(6) for each F € Py (N) and each f € 6 — (f ENN: f(n) < nforalln € N}, 


m(n) 
ILE UD fen 0: II gra} an (mn) +1) ] € 4. 


n€F X i=1 t€ H, (à) 


Proof. |?| Theorem 14.14.9. 














Now we need to introduce some development towards algebra. Let (S,+) be a 
discrete semigroup. The collection of all ultrafilters on 5$ is called the Stone-Cech 
compactification of S and denoted by S . For A C S, define A= {p € BS: A € p}, 
then (A: A C S] is a basis for the open sets (also for the closed sets) of 2S. There 
is a unique extension of the operation to 6S making (GS,+) a right topological 
semigroup ( ie. for each p € fS, the right translation pp is continuous where 
Pp = q + p) and also for each x € S, left translation A, is continuous where 
A«(q) = x +q. The principal ultrafilters being identified with the points of S and 
S is a dense subset of 8S . Given p,q € 8S and AC S, we have A € p + q if and 
only if {x € S :—x +A €q} € p, where --- A = {yE S: y € A}. 

For A C S, and p € BS, we define A* (p) = {s E A: —s + A E p}. 

We now discuss a different notion. Fwill denote a filter of (S,-). For every filter 
Fof S, define F C BS, by 

pets. 


VEF 

It is a routine check that F is a closed subset of 6S consisting of ultrafilters 
which contain F. If F is an idempotent filter, i.e., F C F- F, then J becomes 
a closed subsemigroup of 6S, but the converse is not true. We will consider only 
those filters F, for which F is a closed subsemigroup of 8S. For more results on 
study along filters see [?]. 

Centra sets theorem was studied near idempotents of 0 by M. Akbari Tootkaboni 
and E. Bayatmanesh in [?]. Dev Phulara generalized the theorem and proved that 
the conclution of the theorem is true for not only a single set but for a sequence of 
sets in [?]. Here we generalize the near zero version along Phulara's way, as well as 
of the more stronger version by De,Hindman and Strauss done in [?]. We also add 
the generalized version of Central sets theorem along filter done by Goswami and 
Poddar [?] but in the way of Phulara. We will need some lemma and introduction 
of notion of near zero first. 





Lemma 3. Let (S,+) be a semigroup, let p is idempotent of S and let p+ p = p € 
BS. For each s € A*(p),—s + A*(p) € p 


Proof. [?], Lemma 4.14 














The set 0* of all non principal ultrafilters on S = ((0, +00), +) that is convergent 
to 0 is a semigroup under the restriction of the usual ‘+’ on fS, the Stone-Cech 
compactification of the discrete semigroup S = ((0, +00), +) -We have been con- 
sidering semigroups which are dense in S = ((0,+00),+) with natural topology. 
When passing to the Stone-Cech compactification of such a semigroup S, we deal 
with S4, which is the set S with the discrete topology. 


Definition 4. Let S be a dense subset of ((0, +00), +). Then 
0*(S) = (p € BSa : (Ve > 0), (0,6) n S € p}. 


SOME GENERALIZED CENTRAL SETS THEOREM NEAR ZERO ALONG PHULARA'S WAY3 


We have to recall the notions of thick near zero, syndetic near zero and piecewise 
syndetic near zero. 


Definition 5. Let S be a dense subsemigroup of ((0, +00), +). and let A C S. 

(a) A is thick near zero if and only if de > 0)(VF € P;((0, €) N S)(vó > O)(3y € 
(0,6) n. S)(F -- y C A) 

(b) A is syndetic near zero if and only if for any e > 0 there exist F € Py((0, e)N S 
and ô > 0 such that (0,0) 1. S C Ujep — t + A. 

(c) A is piecewise syndetic near zero if and only if for all 6 > 0 there exists 
F € P;((0,6) à S such that User — t + A be thick near zero. 

(d) A is a central set near zero if and only if there exists an idempotent p in the 
smallest ideal of 0* (S) with A € P. 








In this paper, the minimal ideal in 0^ (S) is denoted by K. 


Theorem 6. Let AC S. Then KN AF if and only if A is piecewise syndetic 
near Q. 


Proof. [?], Theorem 2.4 














Definition 7. Let S be a dense subsemigroup of ((0, +00), +). 


(1) We say that f : N — S is near zero if inf (f(N)) = 0. The collection of all 
functions that is near zero is denoted by To- 

(2) Of course, we can say that A C S is a J—set near zero if and only if for 
each F € Pr(ro) and 6 > 0, there exist a € S$ (0,5) and H € Py(N) such 
that for each f € F,a + Dey f(t) € AN (0,6). for each f € F, i.e. for 
each 6 > 0, AN (0,4) is a J—set. 

(3) J(S) = (pe BS : YA € p, Aisa J-set}. Here T = {f | f:N S}. 


Lemma 8. Let S be a dense subsemigroup of ((0, +00), +) and let A C S. Then 
A is a J —set near zero if and only if whenever F € Pi(To) and ô > 0, there exist 
a € S (0,8) and whenever m € N ,then H € P(N) ,with min H > m,such that 
for each f € F, a+ cg f(t) € A. 


Proof. [?] Lemma 14.8.2 . 














Theorem 9. Let S be a dense subsemigroup of ((0, +00), +) and let A C S. If A 
is a piecewise syndetic set near zero, then A is a J-set near zero. 


Proof. [?|Theorem 3.4. 
For more details on Central Sets theorem till date, see [?]. 














Now we can state the Central Sets theorem along Dev Phulara’s way which is 
the following, 


Theorem 10. Let, (S,+) be a commutative subsemigroup. Let r be an idempotent 
in J(S), If (Cnh); be a sequence of central subsets in r , 

then there exists a: P(T) — S, H : P(T) — P(N) such that, 

1. If F,G € P(T), F CG, then maz H(F) < min H(G). 

2. Ift € N and G1, G2, ..., Gt € P(T), Gi C Go C ..... C G; and f; € Gii = 
1,2,...,¢. If |G1| = m, then 

Nui o(Gi) + Viena, Silt) € Cm- 


Proof. |?] Thorem 2.6. 














SOME GENERALIZED CENTRAL SETS THEOREM NEAR ZERO ALONG PHULARA'S WAY4 


Corollary 11. Let (S,+) be a commutative semigroup, let r be an idempotent 
in J(S), If (Cn); be central subsets in r. For each l € {1,...,k}, {yn} € T, 
there exists a sequence {an}; in S and a sequence (H,,)7*., in P(N) such that 


mazH, < minH, 1 for each n € N and such that for each F € P(T) with min F = 
mM, 


ner An + 2H iYi,t € Cmn. 
Proof. |?] Theorem 2.8 














Theorem 12. Let (S,+) be a commutative semigroup and let, A be u x v matriz 
satisfies the first entries ondition. Assume that for each first entry c of A, cS is a 
central*set . Let, (Cn)nen be central subsets of S . Then for i = 1,2,...,v, there 
exist sequences {£in} € T in S . For every F € P(N), and if m = min F, 


X T1,n 
then Azp € (C,,)", where Tp € ; € (S — {o})”. 


21d 


ncF 





Proof. |?|,Theorem 2.11. 
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Theorem 13. Let, S be a dense subsemigroup of ((0,00), +). If (Cn); be central 
subsets near zero in S. Then for each à € (0, 1),there exists as : Pj(o) > S,H : 
Pj()) ^ Pr(N) 

1. as < ô for each F € Py (ro). 

2. If F,G € Pj(ro), F C G, then max H5(F) < minHs(G). 

3. If m € Nand G4,G»,..., Gq € Pr(To), G1 C Go C ..... C Ga and f; € Già = 
1,2,..., m. If |G1| =r, then 35, 4 (as(Gi) + Jeena fi(t)) € Cr- 


Proof. Pick a minimal idempotent p of 0* such that A € p, 
Let, A^ = {x + A: —x + A Ae pl, so, A* € p and z € A* > -xr + A* Ep 
We define as(F’) € S, Ha(F) € P(N) for Pr(ro) by induction on |F| , satisfying 
1. as < ô for each F € Py (ro). 
2. If F,G € Py(19), F C G, then max H4(F) < minHs(G). 
3. If m € Nand Gj, Go,...,Gm € Py (79), G1 C Go C .... C G,,and fi € Gii = 
1,2,..., m. If |G1| = r, then 
Ma (as (Gi) + te H(G:) fi(t)) € Cz. 
If F = (f), Cf is piecewise syndetic near zero, Then CT is J-set near zero. 
Then Yô > 0,there exists a € S '1(0,9) and L € Pr(N) such that 


ac M f(t) ect. 
teL 
Let, as({f}) = a, Hs5({f}) = L. Then all three hypothesis are satisfied. Let, 
|F| =n > 1now, as(G), H5(G) have been defined for all proper subsets G of F. 
Let, Ks = U( H5(G) : G C F} € Pry(ro). Let, marks = d. Let, 








Ms, = {S"(as(Gi)+ 5 fi(t)) ln € N, 0) £ Gi C GC... C Gn C F, fi € Gi, Vi = 1,2, 4 n.|Gal = r} 
i=1 tEHs (Gi) 
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Mas, is finite and by hypothesis (3), Ms, C C7. Let 
B = C; n (Qeems, (~x + Cr) 


then, B € p,and so B is a J-set near zero. 
Then Và > 0,there exists a € SN (0,6) and L € Pr(N) with min L > d such that 


ac M f(t) e B,vf e F. 
tEL 
Let, as({f}) = a, Hs({f}) = L. 
Hypothesis (1) obvious, Since, min L > d, hypothesis (2) is satisfied. Now 
remaining to check hypothesis (3), 
Pick 6 > 0,n € N. Let, 0 Z Gi C Go C n. C Gn = F. If, n = 1, then 
G, = Fie,r-n. 


a+ Vi =a(F)t Y) sMeBee 
teL t€H5(F) 
Now, n > 1, and let y = 3174 (as(Gi) + ? en; Silt), fi € Gi. Therefore, 
y € Ms, and 
a+) f(t) eBC-y+C 
teL 


which implies, 
TL 


Yolas(Gi)+ SO R(0)eC;. 


i=1 t€ Hs(Gi) 














Theorem 14. Let, S be a dense subsemigroup of ((0,00),+). Let (Cy,)°2, be 
central subsets near zero in S. For each 1 € {1,...,k}, {yin} € To, there exists a 
sequence (ou roc, in S such that a, — 0 and a sequence {Hn} °°, in P(N) such 
that mazH, < minH, 41 for each n € N and such that for each F € Pg(To) with 


min F =m, 
Mot XO uua € Cm 


ncF t€ Hn 


Proof. We may assume Cn C C441, Vn 
Let, yu € Pr(To) — (yin). +s {yun }} such that yu A ^y, if u £ v. 
Gy = UN cae) {Yin} U {71 72; gua) € P;(To), 
ag({Gu}) = au, H5({Gu}) = Hu 
Let, F € P(N) be enumerated in order as F = (ni, ..., ns}. 
Since,a, — 0 therefore, o5(G) < 6 for each G € Py(r9), VÓ > 0 and Gn C 
Gri, Vn therefore, max H, < minHn+ı for each n € N. 
0 Z Gni C Gu. C anm C Gn,,|Gn,| =n +1 
therefore, $57 (as (Gi) + Dic Hs (Gi) Uit € Cny41 € Cn. 
Hence, 5^, cp On +rep, Yt € Cni- 

















Theorem 15. Let, S be a dense subsemigroup of ((0,co),+) and let, A be ux v 
matrix satisfies the first entries ondition. Assume that for each first entry c of A, 
cS is a central* set near zero. Let, (Cn)nen be central subsets of S near zero. Then 
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for i = 1,2,..., v, there exist sequences {£in} € To in S . For every F € P(N), 


2 Tim 


ncF 


and if m = min F,then Arp € (Cm)", where zp € : € (S— {0})”. 


X ton 

nEF 
Proof. We proceed by induction on v. Assume first that v = 1. We can assume A 
has no repeated rows. In the case we have A = (c) for some cS is a central*set near 
zero and (C,,1cS),ew is central subsets of S near zero. with (C,NcS) € (Cn+1NcS). 
Pick a sequence (ln)nensuch that ln — 0 for every F € Pr(N), m = minF, then 
ener ln € Cm N cS. For each n € N,pick 21, € S such that In = czi,,. The 
sequence (z1,4)new is as required. 

Now assume v € N and the theorem is true for v. Let, A bea u x (v 4- 1) matrix 
with entries from w which satisfies the first entries condition, and assume that for 
every first entry c of A, cS is a central* set near zero. By rearranging rows of 
A and adding additional rows of A if needed, we may assume that we have some 
t€ (1,2,..,u — 1) and d € N such that 

azi = 0, ifi € {1,2, IT ,t 
d, ifi € {t+ 1,..,u) 

Let, B be the t x v matrix with entries b; j = ai j+1. Pick sequences 

{Z1,n}nen, e {Zv,n }nen 

in S as guaranteed by induction hypothesis for the matrix B. For each i € 
{t+ 1, ...., u) and each n € N, let 

v1 


Ul, = Qi jgj—1l,n 
ICS 
j=2 


and let, yj, = 0, Vn € N. and yin € S. 

Now, (Cj, ndS),ew is central subsets of S near zero. Pick a sequence (ln )nensuch 
that lIn — 0 in S, a sequence {Hn} 22 in P(N) such that mazH,, < minH, 4 for 
each n € N and such that for each i € {t,t + 1,..., u} and for all F € P,;(76) with 
min F = k , then 

Din + DO me) € Ck Nads 
ncF te Hn 
Note , in particular that, with F = {n}, 
In = (ln + M, yt) € Cn dS 
t€H, 
So pick zın € S such that lp = dzi,. For, j € (2,3,..,v + 1l n € N, let 
Lin = seh, Zj-1,». We claim that the sequence (£j n)nen is as required. To see 


this , let F € Pr(To) with min F =k . We need to show that for j € {1,2,...,v+1}, 
acr tj * 0, and for each i € {1, 2, ...., u}, 


v1 v1 v 


aij 5 dp aij > ` Zj-is = 5 bi 23,8 
j=l j=2 


ncF j n€F scH, j=l sEHn 
where H = UnerHy. Let, k = minG. Then k < k so by the induction 
hypothesis, 
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xa uua 

= ain Seep Tim SU tij cu cip Ži-1s 
= d ner Vic you Qij p» Xeen, Zj—1,s 
= Eper itim yep Lscn, eda 

= Viner (ln T 2 eH, Vis) € Cy. 


3. SOME MORE GENERAL VERSIONS ALONG A SEQUENCE OF CENTRAL SUBSETS 























Now we want to state another version of Central sets theorem which was studied 
by De et al.[?] 


Theorem 16. Let, (S,+) be a discrete commutative semigroup, let c € N, let 
AC P(S), and T =Nyeacl(A). Let (D, x) be a directed set, and let T C Ds, the 
set of functions from D to S. 

Assume that 

(1) A Z: 0 and 0 € A, 

(2) (VÀ € A)(VB e Ay (An B € A) 

(3) (VA € A)(Va € A)(AB € A)(a + B C A) ,and 

(4) (VA € A)(Vd e D)(VF € Py(T))(3d € D)(d < d', Vf € F)(f(d) € A)b; = 

> > 

rí(z(Hi) +....+ (Hm) EQ 

Assume that K(T) N Naca cllcA) £9, and p € K(T)NANaeacll(cA), and C, € 
p,Yn € N then VF € P;(r),d € D,A € A, Ja € A,m € N, dı, ..,dm in D such that 
dı < ... < dm, ca € C, and for all f € F, ca + $77 f(d) € C. 


Proof. |?] Lemma 3.2. 


























Now we want to rephrase this version towards the way Phulara Generalized the 
Central Sets theorem. Our statement will be the following, 


Theorem 17. Let, (S,+) be a discrete commutative semigroup. Let, A C P(S), 
and let T = Naeacl(A) , (D, €) be a directed set, and let T C Ds, the set of 
functions from D to S. 
Assume that 
(1) AFD and 0 € A, 
(2) (VÀ € A)(VNBe€A 
(3) (WA € A)(Va € A) 


(ANBe A) 
dB € A)(a + B € A) ,and 
(4) (VA € A)(Vd e D)(VF € P;(T))(3d € D)(d < d', vf € F)(f(d) € A)»; = 
rí(z(Hi) +....+ (Hm) EQ 
Let, (Cn): € p, p is an idempotent with p € cl(C,) O K(T), Vn. 
Let, 6: P(T) — A, Then Ja : P(T) + C & H:P&(T) 5 P” (D) such that 
(a) VF € P;(T)(a(F) € &(F)) 
(b) VF € Pj(T)(Vf € F)(a(P) + Diener FE € CN OF) 
(c) If F,G € Pj(T),G C F, then maz H(G) < min H(F) 
(d) If m € N,G4,.., Gs € P(T), Gi C.. C Gm, fi € Gi, if r = |Gil, 








— ——— 


— 





m 


M (oG)- X filt)) €C, 


i=1 te H(Gi) 


Proof. Let C? = (s € C, : -s4- Cn € p}. We may assume C441 C Cn, Vn EN. 
Therefore, x € C7 > —x + C; € p. 
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We define a(F’) & H(F) by induction on |F| such that 

(i) a(F) e e(F)n Ct 

(ii) (Vf € FaF) + Dreng FE) € Ct NF) 

(iii) If F,G € P;(T),0 AGC F, then max H(G) < min H(F) 

(iv) If m € N,Gi,...,Gm € P(T), Gi C ... C Gm, fi € Gi, if r = |Gil, 


Tri 


M (oeG)- M, fit) eC 


i=1 t€H (Gi) 


If F = {f},By Theorem 16, a(F) € (F)  C*,m € N & dh,...,dm € D, 
di <... < dm & o(F) + $54 f(di)) € Ct n O(F). 

Let, H(F) = (di,...,d,,] and all hypothesis hold. 

Let, |F| = n > 1,now, a(G), H(G) have been defined for all proper subsets G of 
F. 

Let, L = U{ H(G) : G C F}, pick d € D such that F,G € Pj(T),0 Z G C F, 

Then max H(G) = d. Let, 








M, = (Y _(a(G:)+ 5 fi(t)) EPS N,@ Æ Gi C G2 C... C Gn C F, fi € Gi, Vi SE 4n.|G;| = r}. 
i=1 te H(Gi) 


by hypothesis (iv), M, € Cz. 

Let B = C* N ọ(F) A (Neem, (~£ + C*)) 

then B € p, by Theorem 16, a(F) € ó(F)Ct,n E€ N & ei,..., €m € D such that 
e1 € ... € En & for each f € F, o(F) - 357.4 f(ei)) € B. 

Let, H(F) = {e1,...,en}, Then hypothesis (i) and (ii) satisfied. 

F,G € P;(T),0 ZZ G C Fthen max H(G) € d< e € min H(F) , therefore (iii) 
holds. 

To verify (iv) , let, m € N,Gi,...,Gm € P(T), 04 Gi C... C Gm, fie Gi, ie 
(1, ..., m) assume first m = 1,r = |G4| = |F| = n, (i.e.G1 = F) 

ie (a(Gi) + Pecna AO) = (G1) + rena) (t) e Be Ch = CF 

Now assume m > 1a = 3574 (a(Gi) + ? uento Jilt)) € Mr 

therefore a(F) + J eg /n()) € B € -x + Cz 

Which means a(F) + Vien (ry fm(t) +x € Cz, that is 


SP a(GU E oues RO ES 




















Theorem 18. Let, (S,--) be a discrete commutative semigroup. Let, Ac P(S) 
let,ju, v E N, M be a u x v first entries matrix with entries from w & assume that 

(1) AFD and 0 € A, 

(2) (VA € A)(VB e A)(An B e A) 

(3) (VA € A)(Va € A)(AB € A)(a+ B C A) ,and 

(4) (VA € A)(3B e A (B--BC A) 

T =Nacacl(A) , Then T is a subsemigroup of BSa. If p is an idempotent in 
K(T) A Naca Neeru) cl(cA)and C, € p, Vn € N, Then VA € A, 
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nceF 

zi >, : 

3 sequence (21,4), ...., (Lon) in A. such that z(G) € 3 ,F € P(N) 
25 Tun 
nEF 


,with min F =r, 


2,3 
Then Mz x(G) € (C,)". 


Proof. Assume that p is an idempotent K(T) N (14e Af le pcm cl(cA) and C, € 
p,Yn € N. 

Cž(p) = {s € Cn : —s + Cn € p) 

We may assume that M has no repeated rows. We proceed by induction on v. 

If v = 1, then M = (c), Given A € A, cAN C, € p, Vn . 

A sequence (l,)5:., such that for every F € P(N), k = min F, Then J pep ln € 
cAn Ck 

Pick z,,, such that ln = cr1,,, where £i n € A, Vn. 

Therefore Mz € Cp, where M = (c), £ = X pep ti- 

Now, Let v € N & assume the result valid for v. Let, M be a u x (v +1) matrix. 
By rearranging rows & adding rows if need be, we have 





C 0 
M=| © M 
0 M 


where Mı & M2» are matrix entries from w. 
— 
Mi is uj x v matrix & no row equal to 0 & M2» is ug x v first entries matrix . 
Also P(M) = P(M1) A c). 


For i € (1,2,...,u — 1}, let T; be the 4 th row of ( m ). 
2 


> =>! > 
Let, D be the set of finite sequence in A, ordering D by G < G iff G is a proper 
=! 
subsemigroup of G . 


> 2.3 > 
Given G € D, Let, z(G) € S" for each G € D. So that 
ars => 
(a) r£ (G) e MOG, vi € {1,2,...,u1} 
> > > > > 
(b) if m € N, G1, Gm € D & Gi <.... < Gm with I(G1) = k, then 
s d REA 
(i) M(2(G3) + ~. + 2(Gm)) € (CH 
nd L2 7í (Gi) 
(ii) (G1) +- + £ (Gm) € (Q Gaii) 
> > 
We proceed by induction on /(G). Assume first that G = (A), Pick by (4) , some 
B € Asuch that Vy € B", Mi.y c A”, 
since An B € A, if z(G) € (AN B) & 324,4, Lyn Such that 
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M Lin 
ncF 
— 
zx 


= 
(G) € : , min F =r, 


Nn 


ncF 
= 
such that Maz (G) € (Cz)? (by induction) 
> > 
Now , assume that I(G) > 1 & we have choosen z (H) for every proper subse- 
Uu 
quence Hor G. 
Let, A = n4 G;, Let 
> > > > > > > 
R= 4{(H1,.., Hp) : k € N, M,.., Hy € DUA) =1r,andH, <... < Hp < G} 
. E E AOI £y rem IT) 
Given H = (H1, ...., Hy) € R, We have (H1) +....4 £ (Hm) € (Q1 Hi) 
& Fe H a € A. Applying assumtion (1) and (4) pick Dy € A such that 
ZH. Qe v c (CD gr, ye 
v(Hi) +... + z(Ha) + (Du)? € (Qoi Hi) 
Pick by lemma 4, some B € A such that Vy € B", Miy € A", Jet E = 
ANB (uen Da 


EAS rand ch as > 
Let, Qr = {ri (£ (Hi) +....¢(Ay)) : (Ah, ..., Hy) € Rand i € {u1 +1,...,u—1}} 
E E 
Then Q, € Ox. Pick z(G) € E", Maz (G) € (C; n NPI Neco, (—b + C2) = A 
X T1,n 


> > : 
Since, x (G) € B", hypothesis (a) hold. where x (G) € 1 ,A€ p. 


X Ton 
ncF 
> > > > > 
To verify hypothesis (b), let m € N, let, Hı, ...., Hm € D and H; <....< Hm = G 


> > 
If m = 1, we have z(G) € A", Maz (G) € (C*), 


2 Tim 
ned 
530 
Where z(G) = - min F = r as required. 
27 Toon 
nceF — 
> > 530 
So, assume m > 1,& H = (Hi,...., Hy) € R, then z(G) € (Dx,)” so 


> — 
@ (Hy) +... + (Hm) + (Da)? € (NEP Hi)" 
And for i € (u1 +1,....,u— 1}, 
> — 
b; = T(E(Hi) +... + @(Hm)) EQ 
en aes 
So, ri.z (G) € —b + C* and thus 
> — — 
ri(E (Hi) +.... + (Hp) + z(G)) € C* 
— e Dy m 
Now for i € (1,...., ui], define f;(G) = ri.x(G). 
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Let, T = {fi,.., fu, }-We claim that hypotheses of Theorem 16 are satisfied . 
Hypothesis (1),(2) and (3) are satisfied directly. 


=> 
To verify hypothesis (4) let A € A, G = (G1,..., Gk) € D and F € P;(T) be 
given . Lets G = (Gy, ...., Gk, A). 
M 
Then G < G and if f; € F, then AG J= 7;.2(G) € A. (by condition (a)). 
iy 


To conclude the proof , let A € A, and let G = (A), Pick by lemma (4), 
> > 


a € A,m € N,and CUN Gan € D and G, « < Gm, (G1) =r, ca € C, and 
for all f € F, 


nt > 
cat M. f(G;) €C, 
j=l 
> > 
Let, y = z(G1) +... + Z (Gs). 
L Ul 
ner 
Then y € (A)? wherey = € A" min F =r and May € (Ci)? 
X Vn 
dd 


If i € (1,...,uj then ca rj. y = cat YT 2 AG ) € Cr, where (ai n)nen € A, 


and a = Y, ert 


so, ( $) eA ma me ( 3)ecr 
y y 


Lemma 19. Let A be a piecewise F-syndetic set and F € Pf (NS) be F- good. 
Then there exist a1,a2,...,ag41 € S and (hi, ha,..., he] CN such that, 


aif (hi) af (Aha) edm apf (he) a41 € A 














for all f € F. 
Proof. |?] Lemma 2.2. 














Lemma 20. Let (S,-) be a semigroup and F be a filter such that Fis a semigroup. 
Let A be a F-J set and F € Pf (NS). Then for all m € N, there exists | € N such 


thata € S'*!, t € Jı and x (m,a,t, f) = aif (t(1)) a2f (t (2)) af (t(m)) ama € 
A for all f € F where t (1) » m. 


Proof. |?| Lemma 2.3. 














Now we are ready to generalize Central sets theorem along a filter along Phulara’s 
way, the motivation comes from [?]. Here is the statement, 


Theorem 21. Let (S,.) be a semigroup and F be a filter on S such that F is a 
semigroup. Let (Cn)nen be a sequence of F central set on S. Then there exist 
functions m : P (7) — N,and a € X rep? (Ng) SIH and T € X FePF (Ns) d m(F) 
such that 

1. If F,Ge Pf (Ns),G C F, then T(G)(m(G)) < T(F)(1). and 

2. If n € Nand G4,G»5,..., Gt € P+ (Ns), Gi C G3 C asd C Grand fi € Gii = 
1,2,...,n. If |G1| = m, then 
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J [ 2G), (Gi), 7(G), f) € Cn 
i=1 
Proof. Let F be a filter on S such that Fisa semigroup. Assume (C,),ew be 


a sequence of F central set on S. Then there exists a minimal idempotent of F 





sayp € K(F) such that A € p. as p.p = psoA* = (x + A: —x-- A € p}, so, 
A* € p and z € A* > —z + A* € p. Now define m(F) € N, a(F) € S" (and 
T(F) € Jar) , by induction on |F|, satisfying the following inductive hypothesis: 
1. If F,G € P? (Ns),G C F, then 7(G)(m(G)) < 7(F)(1) and 
2. If n € Nand G1, G2, wy Gn € P? (Ns), G1 CUGa E uou C G,and fi € Gii = 
1,2,...,¢. If |G1| = m, then 


TL 


[[ 2G), (Gi), (Gi), f) € Ch, 


i=l 














Assume first that F = { f}. As CT is piecewise F- syndetic , pick m € N,a e S™*4 
,t€ Jm such that 


x(m, Q, t, f) € Ci 
So the hypothesis is satisfied vacuously. Now assume|F| > 1, and m(F), o(F)and 


T(F) have been defined for all proper subsets G of F. Let, K = (T(G) :0z GC 
F},and m = margzGc pr(G)(m(G)). Let , 


M, = {] [ 2(m(Gi), a(G:), (Gi), fi) Ine N,@ Æ Gi C G2 C... C Gy < F, fi € Gi, Vi = 1,2, 2. [G4 | = r} 


i=l 








M, is finite and by hypothesis (2), M, C C; by induction. Let, 
B = nseue 0) 


Let B € p, by the lemma 19 and 20 there exist N € N,a € SNH! , t € Jy and 
T(1) > m such that z(m,o,t, f) € B for all f € F. 

We write m(F) = N, a(F) = aand 7(F) = t.Then clearly 7(F)(1) = t(1) > 
T(G)(m(G)) for all Ø A G C F. Denote G,41 = F, so the first hypothesis of the 
induction is satisfied. Now remaining to satisfy hypothesis (2). Pick ô > 0,n € N. 

Let, 0 Z Gi C Go C ..... CG, = F. If, n = 1, then G1 = Fiee,r =n 


z(m,o,t,f)eBcC, 
now, n > 1, and let y = iT z(m(G;), a(Gi), T(G;), fi), f; € Gi. therefore, y € 
M,, x(m,o,t, f) e BC y !C;,. then x(m,a,t, f)y € C*,, therefore 


TL 


][s((63.2(60.7(6)). fi) € Ch, 


i=l 
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